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Abstract: In [1] it was observed that asymptotic boundary conditions play an important
role in the study of holographic entanglement beyond AdS/CFT. In particular, the Ryu-
Takayanagi proposal must be modied for warped AdS3 (WAdS3) with Dirichlet boundary
conditions. In this paper, we consider AdS3 and WAdS3 with Dirichlet-Neumann bound-
ary conditions. The conjectured holographic duals are warped conformal eld theories
(WCFTs), featuring a Virasoro-Kac-Moody algebra. We provide a holographic calculation
of the entanglement entropy and Renyi entropy using AdS3/WCFT and WAdS3/WCFT
dualities. Our bulk results are consistent with the WCFT results derived by Castro-
Hofman-Iqbal using the Rindler method. Comparing with [1], we explicitly show that
the holographic entanglement entropy is indeed aected by boundary conditions. Both re-
sults dier from the Ryu-Takayanagi proposal, indicating new relations between spacetime
geometry and quantum entanglement for holographic dualities beyond AdS/CFT.
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The motivation of studying holography beyond AdS/CFT [2{4] comes both from the bulk
side and the boundary side. In the bulk, to understand quantum gravity in the real
world, it is necessary to consider spacetimes without being asymptotic to locally AdS.
Progresses include dS/CFT correspondence [5, 6], the Kerr/CFT correspondence [7{11],
the WAdS/CFT [12] or WAdS/WCFT [13] correspondence, at space holography [14{19],
BMS group [20{23], etc. On the boundary, there are richer physics beyond the critical
point. Developments include Shrodinger or Lifshitz spacetime/non-relativistic eld theory
duality [24{27].
A three dimensional warped Anti-de Sitter space (WAdS3), named and classied in [12],
is a simple deformation of AdS3, with SL(2;R)  U(1) isometry. Due to a drastically
dierent asymptotic behavior, a novel type of holographic dual, if exists, is expected. So
far there are two versions of conjectures for the holographic duality, namely, the so-called
WAdS3/CFT [12], and the WAdS3/WCFT correspondences [13].
The WAdS3/CFT2 conjecture was motivated by the observation that the Bekenstein-
Hawking entropy of WAdS3 black holes can be captured by Cardy's formula [12, 28]. In
support of the conjecture, a Dirichlet type of boundary conditions were found in [29] under
which the asymptotic symmetry group is generated by two Virasoro algebras.
The WAdS3/WCFT conjecture is based on Dirichlet-Neumann boundary condi-
tions [30]. The so-called two dimensional warped conformal eld theory (WCFT) is de-
ned by a warped conformal symmetry generated by a Virasoro-Kac-Moody algebra [13].
WCFTs are usually not Lorentzian invariant. Much like the derivation of the Cardy
formula [31] for a CFT, modular transformations lead to a Detournay-Hartman-Hofman
(DHH) formula [13] for the thermal entropy of WCFTs. The agreement between the WAdS
black hole entropy and the microscopic entropy calculated by the DHH formula gives evi-
dence to this WAdS/WCFT holography. See also [32] for a pure eld theoretic discussion
of the symmetries, [33, 34] for explicit examples, and [35] for partition functions of WCFTs.
Furthermore, it was found in [36] that Dirichlet-Neumann boundary conditions, later called
the Compere-Song-Strominger (CSS) boundary conditions can also be imposed to AdS3.
This leads to an alternative holographic dual to AdS3, namely the AdS3/WCFT correspon-
dence. WAdS3 can be embedded into string theory [28, 37{40]. In some examples [38{40],
thermodynamics of WAdS3 are even identical to those of AdS3. Therefore AdS3/WCFT
can be used as a good starting point of studying WAdS3/WCFT.
So far either the framework of WAdS3/CFT or WAdS3/WCFT provides a microscopic
explanation of the Bekenstein-Hawking entropy of WAdS3 black holes. As a ner probe,
entanglement entropy is expected to further test these two holographic dualities, which is
the main focus of this paper.
In the context of AdS/CFT, the seminal work of Ryu and Takayanagi [41, 42] pro-
vides a powerful tool to understand the relationship between spacetime geometry and
quantum entanglement. Ryu-Takayanagi proposal is now rmly established [43{46] in
the context of Einstein gravity, with a static, asymptotically AdS spacetime in the bulk.

















ant HRT formula [47] is still valid, and how to derive/prove it if the answer is yes; or
what is the analog if the answer is no. The rst attempt appeared in [48], where a ten-
sion was found between the HRT formula and the WAdS/CFT duality. See also [49]
for more discussions along this line. Recently the holographic entanglement entropy for
WAdS3 spacetime with Dirichlet boundary conditions was calculated in [1] with a modied
Lewkowycz-Maldacena [46] prescription. The result is consistent with the WAdS/CFT
duality, but is dierent from a direct use of the HRT formula. A key observation is that
asymptotic boundary conditions play an important role in such holographic dualities be-
yond AdS/CFT. In this paper we consider AdS and WAdS with the Dirichlet-Neumann
boundary conditions.
We study the holographic entanglement entropy in the context of AdS/WCFT and
WAdS/WCFT correspondences. The approach we take is the Rindler method [43], which
was developed in the context of AdS/CFT. On the CFT side, a certain conformal transfor-
mation maps an entanglement entropy to the thermal entropy of a Rindler or hyperbolic
space. Using the dictionary of AdS/CFT, the bulk counterpart of this procedure is to
perform a coordinate transformation, mapping a certain region of Poincare AdS to a hy-
perbolic black hole. The Bekenstein-Hawking entropy of the hyperbolic black hole then
calculates the entanglement entropy holographically. Generalization to WCFT was carried
out in [50], where the role of conformal transformations is now played by warped conformal
transformations allowed by the symmetry of WCFT. The current paper provides a holo-
graphic calculation on the gravity side.1 Using the strategy of doing quotient on WAdS
spacetime, we nd that the analog of hyperbolic black holes are the WAdS black strings.
We proposed that the thermal entropy of the WAdS black string gives the holographic
calculation of entanglement entropy of WCFT. Explicitly agreement with the eld theory
result is found using the dictionary of AdS/WCFT and WAdS/WCFT. Reyni entropy in
the bulk AdS3 is also calculated and showed to be consistent with the WCFT calculation.
To summarise, we provide a holographic calculation of entanglement entropy and Reyni
entropy for AdS and WAdS under the Dirichlet-Neumann boundary conditions. Our bulk
results agree with those of WCFT [50], further supporting the conjectured AdS/WCFT
and WAdS/WCFT dualities. Holographic entanglement entropy for WAdS3 in this paper
diers from that of [1], the reason of which is the dierent choices of asymptotic boundary
conditions. Both this paper and [1] dier from the Ryu-Takayanagi proposal, indicating
new relations between spacetime geometry and quantum entanglement for holographic
dualities beyond AdS/CFT.
The layout of this paper is the following. In section 2, we briey review WCFT,
AdS3/WCFT and WAdS3/WCFT. In section 3 we re-calculate the entanglement entropy
for WCFT, along the lines of [50]. In section 4, a bulk calculation is proposed. Then we
match the results calculated on both sides in section 5. In section 6.3 we calculate the
Reyni entropy, and show the agreement between the bulk and boundary calculations.


















2 AdS3/WCFT and WAdS3/WCFT
In this section, we briey review AdS3/WCFT and WAdS3/WCFT, and set up notations
and conventions. In section 2.1 we list a few properties of WCFT. Section 2.2 is for
AdS3/WCFT, and section 2.3 is for WAdS3/WCFT.
2.1 WCFT
In this subsection, we discuss warped conformal eld theory (WCFT) with a pure eld
theoretical setup. In [32] it was shown that a two dimensional local eld theory with trans-
lational invariance z = z0+z0; w = w0+w0 and a chiral scaling symmetry z = z0 will have
some enhanced symmetries. One minimal option is to have the following local symmetry
z = f(z0); w = w0 + g(z0) : (2.1)
The above property was later used as a denition of WCFT in [13]. On a cylinder, the
conserved charges can be written in terms of Fourier modes. The WCFT algebra is [13]
[Ln; Lm] = (n m)Ln+m + c
12
(n3   n)n+m ;





which describes a Virasoro algebra with central charge c and Kac-Moody algebra with level
k, and furthermore the Kac-Moody generators transform canonically under the action of
Virasoro generator. We will hereafter refer to (2.2) as the canonical WCFT algebra.
So far there are some concrete examples of WCFT. The chiral Liouville gravity [33] is
a bosonic model, and can be obtained from Chern-Simons formulation of Einstein gravity
with CSS boundary conditions, analogous to the usual Liouville theory under Brown-
Henneaux boundary conditions. The Fermionic models discussed in [34] are closely related
to holography for the so-called lower spin gravity. Partition functions of the Fermionic
models were calculated in [35].
2.2 AdS3/WCFT
In this subsection we lay out a few properties of the AdS3/WCFT correspondence, focusing
on black holes and black strings. We start with the algebra of asymptotic symmetry under
the CSS boundary conditions in section 2.2.1, and show how to relate it to canonical
Virasoro-Kac-Moody algebra dening a WCFT and how the black hole entropy can be
reproduced using the DHH formula in section 2.2.2. In section 2.2.3, we discuss black strings
and show how to eectively calculate the thermodynamic quantities using a black hole.
2.2.1 AdS3/WCFT(u^;v^)
In the Feerman-Graham gauge, solutions to three-dimensional Einstein gravity with a







































where  is the radial direction, and xa; a = 1; 2 parametrize the boundary. The Dirichlet
boundary conditions can be written as
g
(0)
ab = 0 ; (2.4)
under which the asymptotic symmetry are generated by two copies of Virasoro algebra.
This indicates that Einstein gravity on asymptotically AdS3 spacetime under the Brown-
Henneaux boundary conditions is holographically dual to a two dimensional conformal eld
theory. The original Brown-Henneaux boundary conditions further species that
  + 2 : (2.5)
This corresponds to put the CFT on a cylinder. More generally, we can consider other
Dirichlet boundary conditions with (2.4) but a dierent choice of (2.5). On the boundary,
this corresponds to put the CFT on a dierent manifold N with a non-dynamical metric
g
(0)
ab , and two dierent choices are related by a conformal transformation. In the bulk, this
corresponds to a dierent foliation of AdS3, locally related by coordinate transformation.




  = 0 ; @ g
(0)
++ = 0 ; (2.6)
g
(2)
   = 0 : (2.7)
The asymptotic symmetry for AdS3 is generated by a Virasoro-Kac-Moody algebra, indi-
cating a WCFT as the holographic dual. In particular, under the choice
g
(0)
u^v^ = 1; g
(0)
v^v^ = 0; @v^g
(0)





(u^; v^)  (u^+ 2; v^ + 2) (2.9)
The WCFT is put on manifold with a xed spatial circle (2.9). The Virasoro-Kac-Moody
algebra can be written as2
[ ~Ln; ~Lm] = (n m)~Ln+m + ~c
12
(n3   n)n+m ;
[ ~Ln; ~Pm] =  m ~Pm+n +m ~P0n+m ;













Similarly, dierent choice of the boundary manifold will be related by warped conformal
transformations. In this paper, Compere-Song-Strominger (CSS) boundary conditions refer

















to consistent boundary conditions (2.6), (2.7) with any xed boundary manifold. See
also [52{59] for other choices of consistent boundary conditions.









r2   T 2u^T 2v^
! ; (2.12)
(u^; v^)  (u^+ 2; v^ + 2) : (2.13)
The local isometry is SL(2;R)  SL(2;R), while only the U(1)  U(1) part is globally




(Tu^ + Tv^) : (2.14)
The phase space under the conditions (2.8){(2.9) contains the BTZ black holes with xed
Tv^ but arbitrary Tu^ and all their Virasoro-Kac-Moody desendents. We will call this phase
space H ~P0 . The nonzero conserved charges ~P0 and ~L0 that are associated with Killing
vectors @=@v^ and @=@u^ respectively for the BTZ metric (2.12) can be calculated,








As was argued in [13], the thermal entropy of a theory with the symmetry (2.10) can be
written as a Cardy-like formula
Smicro = 2
q
  ~P vac0 ~P0 + 2
q
 ~Lvac0 ~L0 ; (2.16)
where ~P vac0 and
~Lvac0 are the vacuum values of the zero-mode charges. A natural way to nd
the vacuum charges is to rewrite the metric of BTZ black holes (2.12) in the Schwarzschild
form, where it is easy to nd that Global AdS3 is the vacuum, with
T vacu^ = 
i
2









Plugging these vacuum values into (2.16) the microscopic formula (2.16) matches the




(Tu^ + Tv^) = SBH : (2.19)
2.2.2 From WCFT(u^;v^) to WCFT(x^;t^)
Note that the algebra (2.10) is dierent from the canonical WCFT algebra (2.2). To
make distinctions, hereafter we will use the coordinates as subscripts. We denote the

















WCFT(u^;v^). The algebra (2.10) and the canonical WCFT algebra (2.2) are related by a














with c = ~c. Note that none of the classical solutions (2.12) has a higher Kac-Moody hair,
or in other words, they all satisfy Pn 6=0 = 0. For states with Pn 6=0 = 0, (2.20) amounts to
a coordinate transformation,
u^ = x^ ; v^ =
kt^
2P0
+ x^ : (2.21)









; L0 = ~L0 + ~P0 =
`
4G
(T 2u^   T 2v^ ) : (2.22)
Throughout this paper we will consider a negative k. This will make P0 real for all BTZ
black holes, and pure imaginary for global AdS3. Given k, (2.20) maps the phase space
with xed ~P0( or equivalently, xed ~k or xed Tv^) to a xed P0 sector of the phase space
of WCFT(x^;t^). The union of the phase spaces with all dierent
~P0, namely [H ~P0 , will be
mapped to the entire phase space of WCFT(x^;t^) with level k. As discussed before, H ~P0
contains all BTZ black holes with xed Tv^ and all their Virasoro-Kac-Moody descendants.
By allowing P0 to be pure imaginary at a single point( the vacuum), and real elsewhere,
the phase space of WCFT(x^;t^) contain global AdS3 and all BTZ black holes and their
descendants. Note that P 20 < 0 for the global AdS3 is due to the choice k < 0 which is
more convenient for the black hole sector. Alternatively, if we take k > 0, P vac0 is also
real. Therefore the theory is unitary at least in the vacuum sector. There might be some
instabilities in the black hole sectors, which we will not going to discuss in the present
paper. More discussions about the spectrum and representations can be found in [13, 36].
The spatial circle (2.13) leads to a spatial circle in the x^; t^ coordinates,
spatial: (x^; t^)  (x^+ 2; t^) : (2.23)
The temperature of the black hole is translated to a thermal circle of WCFT(x^;t^)















The vacuum expectation values for the zero modes (2.18) are then






; Lvac0 = 0 : (2.25)







































we again reproduce the macroscopic entropy of the black hole, SDHH = SBH. Note that the
choice of k will aect some details of the dictionary between the bulk and the WCFT(x^;t^).





the entropy are both insensitive to the choice of k.
2.2.3 From WCFT(u;v) to WCFT(u^;v^)





2 + 2rdudv + T 2v dv
2 +
dr2
4 (r2   T 2uT 2v )

: (2.27)
Now we consider the black string (2.27) on an arbitrary spatial interval












;  2 [0; 1]

: (2.28)
If the interval is very large, for example if u!1, the system on (2.28) is equivalent to
a black hole with the periodicity
(u; v)  (u+ u; v + v) : (2.29)
In particular, the total charges, and the thermal entropy for BTZ black string on the
interval (2.28) are always the same as the BTZ black hole with a spatial circle (2.13). As
we will see later, we will always encounter the systems with u ! 1. Hereafter, we
will often view theories on a large spatial interval as on a spatial circle without further
explanations. The total charges and entropy of the black hole (2.29)/black string (2.28)







v^; Tu = 2
Tu^
u

















(uTu + vTv) : (2.31)
As discussed before, the CSS boundary conditions (2.8) can be imposed with an arbitrary
boundary manifold. Correspondingly, the dual eld theory from the asymptotic symmetry
analysis with a spatial circle (2.29) are denoted by WCFT(u;v). Furthermore, by a charge
redenition, we can also get WCFT(x;t):
2.3 WAdS3/WCFT
Warped AdS3 (WAdS3) appears in many context, including three dimensional theo-
ries [60{62], and some six dimensional theories [28, 38{40, 63, 64].
In this paper, we consider a class of locally WAdS3 spacetimes, the warped black string





1 + 2T 2v



















The parameter  is the warping parameter, whose existence breaks the SL(2;R)SL(2;R)
local isometry of AdS3 to the SL(2;R)  U(1) local isometry of WAdS3. When  = 0,
the warped black string metric goes back to the BTZ black string (2.27). A key feature
of these models is that the thermodynamic properties of these warped black strings are
independent of the warping factor . When  6= 0; we have to keep the spatial circle
of (2.32) uncompactied, otherwise there will be closed time-like curves. However, similar
to BTZ black string, for the purposes of discussing the thermodynamics, calculations on
an innitely large spatial interval












;  2 [0; 1]

; (2.33)
is eectively the same as on a spatial circle
(u; v)  (u+ u; v + v) : (2.34)
With the Dirichlet-Neumann type of boundary conditions [29, 30, 40], the asymptotic
symmetry of (2.32) is generated by a chiral stress tensor and a U(1) current. On a cylinder,
the symmetry is generated by the non-canonical Virasoro-Kac-Moody algebra (2.10). The
thermal circle of (2.32) is given by









All the discussions in the previous subsection for AdS/WCFT can be repeated here in the
context of WAdS/WCFT.
3 Entanglement entropy for WCFT
In this section we compute the entanglement entropy of a single interval in WCFT with
an adapted version of the Rindler method [43], following the main steps of [50]. Note that
this section is a purely eld theoretical calculation, without any reference to holography.
Based on [43, 65{68] developed the Rindler method to derive the Ryu-Takayanagi
formula for spherical entangling surfaces in the context of AdSd+1/CFTd. It contains both
a eld theory story and a gravity story. On the eld theory side, a spherical entangling
surface Sd 2 at constant time slice is considered in the vacuum state3 of a d-dimensional
CFT on Rd. A certain conformal transformation maps the causal development of the
subsystem to a Rindler space or a hyperbolic space, and maps the reduced density matrix
of the former to a thermal density matrix of the later. Therefore the entanglement entropy
is mapped to the thermal entropy of the Rindler/hyperbolic space. We will call such a
transformation a Rindler transformation. The gravity side story is just the bulk extension
of the eld theory side story through the AdS/CFT dictionary. On the gravity side, a
transformation which maps Poincare AdSd+1 space to a hyperbolic black hole is needed.
3In particular, when d = 2 this method also works at nite temperature. In appendix B.1 we also

















The thermal entropy of the CFT on the hyperbolic space is therefore the Bekenstein-
Hawking entropy of the hyperbolic black hole.
The eld theory side story of the Rindler method [43] was extended to WCFT in [50],
which considers arbitrary single intervals and WCFTs with an arbitrary thermal or spatial
circle. Moreover, [50] calculate the thermal entropy of the WCFT on the \Rindler space".
Before we go through the story explicitly, we would like to emphasize three main points
for the extension.
 Firstly, as WCFT is not Lorentzian invariant, the entanglement entropy of an arbi-
trary interval would rely on both the length and direction of the interval. Also, as
we will see later, the subregion region covered by the \Rindler spacetime" is a stripe,
instead of a diamond shape.
 Secondly, a Rindler transformation should be a symmetry of the eld theory to
implement a unitary transformation between the reduced density matrix and the
thermal density matrix. So the entanglement entropy equals to the thermal entropy
of the \Rindler" space. For WCFTs, a Rindler transformation should be a warped
conformal transformation in the form of (2.1) rather than a conformal transformation.
 Thirdly, it is possible to calculate the thermal entropy of a WCFT on the \Rindler"
space under some approximations. The key point is to consider the \Rindler" space
as an innitely large spatial circle. Eectively, we put the theory on a torus. Then
we can use the DHH formula (the warped Cardy formula) to calculate the thermal
entropy. Following the logic of deriving the Cardy formula in a CFT [31], Detournay,
Hartman and Hofman calculated the thermal entropy for WCFT by using properties
of modular transformations [13]. The idea is to nd a warped conformal transforma-
tion which exchanges the thermal circle and the spatial circle, and consequently the
asymptotic density of states can be written in terms of vacuum expectation values of
the energy and angular momentum. In CFT, this is the S-transformation. We will
use this terminology for WCFT as well. Putting all together, [50] managed to write
down a formula of entanglement entropy of an arbitrary interval in WCFT. Note
that WCFT is not modular invariant, we need to keep track of the anomalies.
To recapitulate, two types of warped conformal mappings are essential. The Rindler
transformation is used to map entanglement entropy to thermal entropy, while the S-
transformation is used to estimate the thermal entropy.
In this paper, we use a more general set of Rindler transformations, with one additional
parameter  as compared to [50]. On the WCFT side, we recover the results of [50] if we





We begin with the WCFT(X;T ), and consider the following interval
A :
































To calculate the entanglement entropy of this interval, the key is to nd a suitable
warped conformal mapping to a plane with a thermal identication, i.e. the analog of
Rindler/Hyperbolic space. Here we would like to apply the following warped conformal



















x  s : (3.3)
Let us denote the (x; t) space by H. This warped conformal mapping (3.2){(3.3) have the
following key features:
1. H covers a strip region with   lX2 < X < lX2 , i.e. the shaded region in gure 1. The
mapping induces a thermal circle in H:
thermal: (x; t)  (x+ i; t  i) : (3.4)
2. The mapping (3.2){(3.3) takes the form of (2.1), and hence is a symmetry transfor-
mation of the eld theory. This indicates the eld theory on the \Rindler space"
is also a warped CFT, which we denote as WCFT(x;t). As was argued in [43], the
entanglement entropy of the interval A equals to the thermal entropy of the \Rindler
space" H,
SEE =  tr (A log A) = Sthermal(H) : (3.5)
3. More precisely, the mapping (3.2) is a confromal transformation between x and X,
while the mapping (3.3) is a spectral ow. Dene a new variable s, the spectral ow
parameter is

    for the ow from (X;T ) to (X; s), and     for the ow from
(x; t) to (x; s).
4. The combination of t and x in (3.3), denoted by s, is invariant under Galileo boost
t! t+ vx. Going around the thermal circle (3.4) maps s to s  i. When  = 0, s
is invariant under thermal identications (3.4). As we will see more explicitly later,
 will also aect how we take the cylinder limit of a torus.
The divergence of SEE, which arises from the short distance entanglement near the end
points of the interval A is now mapped to the divergence of the size of the thermal system
H. To see this explicitly we introduce a cuto  and dene a regularized interval
A :





















Notice that the factor in front of the cuto in the T direction is chosen to guarantee that

















Figure 1. Diagram that depicts the region of (X,T) covered by the (x,t) space, which is the shaded
strip. The solid line segment is the interval (3.1), and the identication of the dashed line gives the
thermal circle.
image of the regularized interval in (x; t) coordinates is given by





















   lT   lX














Here we have taken the small  limit and only kept the leading term in the expansion.
Under this limit,  becomes very large.
The image of the regularized interval in the (x; t) coordinates is of innite length, hence
we expect the edge eects can be omitted. Therefore we can identify its endpoints, and
denote this identication as the spatial circle
spatial circle: (x; t)  (x+ 2a; t  2a) : (3.10)
This circle together with the thermal circle (3.4) form a torus, and the partition function









which changes an arbitrary torus to a canonical torus with a canonical (spatial) circle with
(a; a) = (1; 0), and a thermal circle independent of the parameters ; :
























; ^ =   a
a






To calculate the partition function, one needs to perform a modular transformation S,
which exchanges the spatial and thermal circles. The partition function will acquire some
additional factors due to the anomaly. The exception is the partition function on a so-called
canonical (spatial) circle, Z1;0(^j^) = Zj(0j 1). Then the high temperature limit on the
left hand side becomes a low temperature limit on the right hand side, and the dominate
contribution to the later is given by the vacuum expectation values of the generators. By
keeping track of the appropriate anomalies (for details see [13, 50]) and taking the limit
 !1, we get the dominant contribution





















where P vac0 and L
vac
0 are the expectation values of the charges associated with P0 and L0
on the torus with (a0; a0) = (0; 1) and (^0; ^0) = (2i^^ ;
42
^ ) ! ( i ; 2). Note that when
 ! 1, the thermal circle is innitely long, but with a nite slope ^0^0 ! i2 . For nite
values of , the  ! 0( or equivalently  ! 1) limit gives a tilted cylinder. Comparing
to results in the literature, taking nite  is in fact the slow rotating limit described in
section 3.1 of [13]. When  = 0, the torus is going to a degenerate limit.
(3.14) is valid if the spectrum of L0 is bounded from below, and the vacuum has no
macroscopic degeneracy. See [13, 36, 50] for discussions about the spectrum and unitary
representations. An extension of the range of validity of the (3.14) is possible along the
lines of [69]. In general, without knowing more information of the WCFT, we do not know
how to determine the value of , and also the vacuum charges P vac0 and L
vac
0 . However, for
WCFTs with a holographic duals, we can deduce them from the bulk theory. We will give
a precise dictionary later. Here in this section, we will keep , P vac0 and L
vac
0 undetermined.
Then the thermal entropy is
Sthermal = (1  ^@^   ^@^) logZ1;0(^j^) : (3.15)
One can check that the entropy is invariant under (3.11), hence (3.15) also gives the thermal
entropy of WCFT(x;t) dened on the \Rindler space", and furthermore gives the entangle-
ment entropy of the interval (3.1). Plugging (3.14) into (3.15) we get the entanglement
entropy
SEE(A) = 2(i

























(3.16) is our result for the entanglement entropy of an interval parameterized by (lX ; lT ) in
a WCFT with thermal circle (; ). P vac0 and L
vac

















on tilted cylinder parameterized by . We expect that the  in (3.16) is not an arbitrary
parameter, and will be xed by the theory. This assumption will be consistent with the
assumption that entropy should be invariant under the warped conformal transformations,
and will also be consistent with our bulk calculations later. When  = 0, (3.16) has the
same expression of [50].
For later convenience, we also write down explicitly the combination of the coordinate




















which is also a warped conformal mapping satisfying (2.1). We denote the WCFT on the
(x^; t^) as WCFT(x^;t^).
4 The gravity side story
In this section, we apply the Rindler method [43] to the gravity side, in the context of
AdS/WCFT or WAdS/WCFT. Following the logic of [43], we rst nd the analog of
hyperbolic black holes in the bulk, and then calculate the regularized entropy. We propose
that this regularized thermal entropy is just the holographic entanglement entropy for a
WCFT. We leave the precise matching between the bulk and boundary calculations to
next section.
The simplest model is AdS3 in Einstein gravity, with the CSS boundary conditions [36].
We will also consider the class of three dimensional theories of gravity obtained from
consistent truncations of string theory discussed in [29, 40]. Both BTZ black strings and
WAdS3 black strings are solutions to these theories. An interesting feature is that the
thermodynamical properties and the asymptotic symmetries of all the WAdS3 black strings
are identical to those of BTZ after some appropriate reparametrization. In particular, the
entropy of all these black strings are given by the horizon length. In this section we will not
specify what theory we are using. The discussions below apply to all the models in [40], as
well as BTZ black holes and black strings in Einstein gravity.
The spacetimes we use in this section are the warped black strings (2.32), whose
asymptotic symmetry algebras are the non-canonical ones (2.10), rather than the canonical
ones (2.2) we used on the eld side story. To do the exact matching between both sides
we need to do the additional state-dependent coordinate transformation (2.21). We will
do the matching in section 5.
We will only explicitly write down the formulas for WAdS3. However, since all the
transformations and thermodynamic quantities in this section are independent from , by
setting  = 0 these formulas also give the story for AdS3 with CSS boundary conditions.
We start with the strategy in 4.1, and then discuss the example with TV = 1; TU = 0


















We now extend the eld side story into the bulk with the WAdS/WCFT correspondence.
In the WCFT calculation, the Rindler transformation (3.2) maps entanglement entropy of
WCFT(X;T ) to a thermal entropy of WCFT(x;t) on an torus parametrized by (3.4), (3.10).
By (W)AdS/WCFT correspondence outlined in section 2, WCFT(X;T ) is holographically
dual to a warped black string WAdS(U;V;). Similarly, the bulk dual of a torus (presumably
above the Hawking-Page temperature) is expected to be the (W)AdS black holes, with the
spatial circle related to the horizon length and direction, and the thermal identications
related to the Hawking temperature and angular velocity. When the spatial circle is un-
compactied, we expect to nd the (W)AdS black strings (W)AdS(u;v;r). Furthermore, the
bulk coordinate transformation between (W)AdS(U;V;) and (W)AdS(u;v;r) should imple-
ment the Rindler transformation (3.2){(3.3). The thermal entropy of WCFT(x;t) should
be the Bekenstein-Hawking entropy of WAdS(u;v;r). Then the entanglement entropy for
WCFTX;T should be calculated by the Bekenstein-Hawking entropy of WAdS(u;v;r).
In the gravity story, we therefore need to nd out the analog of hyperbolic black holes
(W)AdS(u;v;r) with the following conditions. Firstly, (W)AdS(u;v;r) satises a Dirichelet-
Neumann boundary conditions with a spatial identications given by (2.34), and the tem-
perature and angular velocity should be related to the thermal identication (2.35). Sec-
ondly, (W)AdS(u;v;r) is a warped black string in the form of (2.32), which has two com-
muting Killing vectors. Thirdly, the coordinate transformation between (W)AdS(U;V;) and
(W)AdS(u;v;r) at the boundary should be the Rindler transformation (3.2){(3.3).
Our strategy is to use the quotient method to nd WAdS(u;v;r), which is the bulk
dual of WCFT(x;t). Note that WAdS(U;V;) has local isometry SL(2;R)R  U(1)L, let us
denote the generators of SL(2;R) by J0;, and the generator of U(1) by JL. We expect the
WAdS(u;v;r) to have two explicit commuting Killing vectors. One Killing vector must be
proportional to JL, while the other must be a linear combination of the four generators. We
could further require that the new radial direction is orthogonal to the two Killing vectors.
Solving all these conditions we will get the coordinate transformation, as well as the new
metric, up to a reparametrization of r, and some integration constants. This method was
used to build and classify locally AdS3 solutions [71], and was generalized in [12] to nd
WAdS3 black hole solutions.
Here we briey comment on AdS3. For AdS3, the local isometry is SL(2;R)R 
SL(2;R)L. With CSS boundary conditions, however, only the SL(2;R)R  U(1)L part
belongs to the asymptotic symmetries. To get a warped conformal transformation at the
boundary, the bulk coordinate transformation should be built from the SL(2;R)R U(1)L
quotient. Alternatively, if the Killing vectors of the new metric are from the entire
SL(2;R)R  SL(2;R)L generators, we will implement a conformal transformation on the
boundary. Corresponding, we will get a result compactable with the AdS/CFT correspon-
dence. The Rindler transformation in the bulk should be allowed by the boundary condi-
tions. The dierent ways of doing quotient for AdS3 (as elaborated in appendix B) show

















4.2 The story with TV = 1, TU = 0
In this subsection, we will elaborate the ideas for a simple example of WAdS black string
with TV = 1; TU = 0. We rst show how to nd the coordinate transformation by the quo-
tient method in section 4.2.1, then calculate the thermal entropy of the resulting black hole
in section 4.2.2, and nally discuss the geometric quantity that captures the holographic
entanglement entropy in section 4.2.3.
4.2.1 The quotient: from WAdS(U;V;) to WAdS(u;v;r)

















@V   2U@ ;
J0 = U@U   @ ;
J  = @U ; (4.2)
where the normalization are chosen to satisfy the standard SL(2;R) algebra [J ; J+] =
2J0 ; [J0; J] = J. Dene
J = aLJL + a0J0 + a+J+ + a J  ; (4.3)
where a0; a+; a ; aL are arbitrary constants. We dene some new coordinates such that
there are two explicit Killing vectors
@u = J ; @v = JL ; (4.4)
From (4.4) we get some components of the new metric
guu = J  J ; guv = J  JL ; gvv = JL  JL ; (4.5)
where the inner products are calculated with the old metric for WAdS(U;V;). The new
metric should only depend on the third coordinate r. Up to reparametrization, we can
always choose the new radial coordinates by
r  J  JL
`2
: (4.6)
It is easy to verify that guu and gvv only depend on r. We further require that the new
metric has no cross terms between r and u; v, namely

















Solving all these conditions will give the coordinate transformation, as well as the
new metric.
The most general quotient with arbitrary parameters a0; a+; a ; aL is given in
appendix A. The boundary coordinates (u; v) covers a strip of (U; V ), with a0=(2a+) con-
trolling the center position of strip, while  
p
a20   4a a+=a+ controlling the width of the
strip. It turns out that the regularized Bekenstein-Hawking entropy of the WAdS(u;v;r)
only depends on the width of the strip. Hence, for simplicity but without losing generality,
we choose the parameters in the main text as follows






















(1 + 2U)2   l2U2















1 + 2T 2v
  2r2 du2 + 2r dudv + T 2v dv2 +  1 + 2T 2v 4(r2   T 2uT 2v )dr2
!
; (4.10)
Tu = Tv = 1 ; (4.11)
with an innite event horizon at
rh = TuTv : (4.12)
It is easy to verify that WAdS(u;v;r) (4.10) and WAdS(U;V;) (4.1) satisfy the Dirichlet-
Neumann boundary conditions (2.6), (2.7) with the same Tv but with dierent spatial
identication.
4.2.2 A bulk calculation of the entanglement entropy
Similar to the story of AdS3/CFT2, the WAdS3/WCFT dictionary will translates the bulk
calculation to a boundary calculation. As discussed in section 2, asymptotic symmetry anal-
ysis directly relates gravity on WAdS(U;V;) to WCFT(U;V ) with the tilded algebra (2.10).





















The boundary coordinate transformations (4.13) and (4.14) indicate that the boundary of

















Similar to the discussion on the eld theory side, now let us consider an interval
A :













;  2 [0; 1]

; (4.15)
with  being a small cuto. We nd that on the boundary of WAdS(u;v;r), the interval (4.15)
in terms of the new coordinates (u; v) is given by





















; v = lV : (4.17)
We see the interval (4.16) is innitely extended in the u direction as  ! 0. As in sec-
tion 2.2.3, we identify the end points of the interval. Thus, beside the thermal circle, we
also have a spatial circle in WAdS(u;v;r)
spatial circle: (u; v)  (u+ u; v + v) ; (4.18)
According to our discussions in section 2, given the temperatures Tu = Tv = 1, the
total thermal entropy of WAdS(u;v;r)(4.10) on the interval (4.16) is given by (2.31). In











We propose that (4.19) is the bulk calculation for the entanglement entropy in the contexts
of WAdS/WCFT and AdS/WCFT. We will show explicitly how (4.19) reproduce the
WCFT result (3.16) in next section.
4.2.3 The geometric quantity in WAdS(U;V;)
We can also calculate the inverse coordinate transformations from WAdS(u;v;r) to





r2   1 sinh (2u)
2
p

















r2   1e2u + (r + 1) e4u + r   1
2
p
r2   1e2u + (r   1) e4u + r + 1
!
+ v : (4.23)
4There are two branches of the inverse coordinate transformations and both satisfy (4.9). The other




r2   1 sinh (2u)
2
 p
r2   1 cosh (2u)  r ;  =
 
r  pr2   1 cosh (2u)
lU
: (4.20)

















Figure 2. The solid line segment in the bulk is the geometric quantity A (4.25) whose length is
proportional to the entanglement entropy of the interval on the boundary (4.15).
We parametrize the horizon of WAdS(u;v;r) in the following way
(u; v; r)ju =  u
2
+ u ; v =  v
2
+ v ; r = 1;  2 [0; 1]

: (4.24)
The inverse coordinate transformations (4.21){(4.23) indicate that the image interval of
the horizon (4.24), denoted by A, is an interval with both the  and U coordinates xed
(see gure 2), depicted by
A :

(Uh; Vh; h)jUh = 0; h = 1
lU






;  2 [0; 1]

: (4.25)
Using (4.17) and gV V = `
2, we nd the proposed holographic entanglement entropy (4.19)





Note that A is a geodesic, but not anchored on the end points of the interval (4.15)
on the asymptotic boundary. This is the main dierence between this bulk calculation in
WAdS and the RT proposal for AdS [41, 42]. It was noticed that in [1] that boundary
conditions play a role in the Lewkowycz-Maldacena [46] derivation of holographic entan-
glement entropy. It will be interesting to see how to modify the Lewkowycz-Maldacena [46]
prescription in this case. This may give us a better understanding of the curve A. We

















4.3 The story with arbitrary temperatures





2T 2V + 1
  22 dU2 + 2dUdV + T 2V dV 2 +  2T 2V + 1 d24  2   T 2UT 2V 
!
: (4.27)
Similar to the case of TV = 1; TU = 0, we can directly use the quotient method following
the steps in section 4.2. Alternatively we can rst perform a coordinate transformation
to reduce the metric (4.27) of WAdS(U;V;) to the metric (4.1) with TU = 0; TV = 1, and




































































 = TUcsch (lUTU )

r cosh (lUTU ) +
q
r2   T 2V cosh(2u)

: (4.28)







1 + 2T 2v
  2r2 du2 + 2r dudv + T 2v dv2 +  1 + 2T 2v 4(r2   T 2uT 2v )dr2 ; (4.29)
Tu = 1 ; Tv = TV : (4.30)
















which similarly indicate that the boundary of WAdS(u;v;r) covers a strip on the boundary
WAdS(U;V;) of with width lU .
Again we consider an interval (4.15), and nd that on the boundary of WAdS(u;v;r),






; v = lV : (4.33)
Again this interval (4.16) is innitely extended along the u direction, and hence we identify
the end points, which lead to a spatial circle

















According to our discussions in section 2, the thermal entropy of WAdS(u;v;r) (4.29) with











We can also nd the image interval A of the horizon of WAdS(u;v;r)









;  2 [0; 1]g :
(4.36)
Using (4.33) and gV V = `
2T 2V , we nd the length of A is given by
Length(A) = `












5 Matching between WAdS3 and the WCFT
In this section, we relate the entanglement entropy in the WCFT (3.16) to the bulk cal-
culation (4.35). Section 5.1 relates the WCFT(U;V ), WCFT(u;v) and WCFT(u^;v^) appearing
from the bulk analysis to a WCFT(X;T ), WCFT(x;t) and WCFT(x^;t^) with canonical algebra.
Section 5.2 shows that the bulk coordinate transformation is indeed an extension of the
warped conformal transformation. Section 5.3 shows how to determine the vacuum charges
using holography. Section 5.4 nally shows that the bulk result and the WCFT result agree
with each other.
5.1 WAdS(U;V;), WCFT(U;V ) and WCFT(X;T )
As discussed in section 2.2, the asymptotic symmetry of AdS3 and WAdS3 under the
Dirichlet-Neumann boundary conditions is given by the algebra (2.10) [13, 29, 30, 40].
Given a WAdS(U;V;) with arbitrary temperatures TU and TV (4.27), the boundary theory
WCFT(U;V ) is naturally dened with coordinates U and V . The algebra (2.10) is related
to the canonical WCFT algebra (2.2) by a redenition of the generators. In particular, for
states with vanishing Pn 6=0, the mapping can be achieved by a (state-dependent) coordinate
transformation (2.21),






T +X ; (5.1)
We will denote the WCFT in the (X;T ) coordinates by WCFT(X;T ). The thermal circle
of the black string (4.27) is

























Under the coordinate transformation (5.1), the above thermal circle (5.2) induces a thermal
circle for WCFT(X;T )














Similarly, a spatial interval on the (U; V ) plane parameterized by lU ; lV will be mapped to
a spatial interval with
spatial interval:




















(lV   lU ); lX = lU : (5.6)
According to the discussions in section 3, the entanglement entropy for a spatial inter-
val (5.5) on the WCFT(X;T ) with a thermal circle (5.3) is given by (3.16).
5.2 WAdS(u;v;r), WCFT(u;v) and WCFT(x;t)
In this subsection we map WCFT(u;v), obtained from WAdS(u;v;r), to WCFT(x;t), which
will relate the bulk coordinate transformation (4.28) and the warped conformal transfor-
mation (3.2){(3.3).
Similar to the previous subsection, we get WCFT(u;v) from asymptotic analysis of
WAdS(u;v;r). The transformation






+ x ; (5.7)
leads to a torus
spatial: (x; t) 
 






















Note that the bulk coordinate transformation (4.28) induces a warped conformal mapping
from WCFT(U;V ) to WCFT(u;v), given by (4.31). (4.31) can be rewritten in terms of
variables in the (X;T ) and (x; t) coordinates using (5.1) and (5.7)
tanh X
tanh lX2









where we have used Tv = TV : Comparing to the warped conformal transformation (3.2), it



































Note that by choosing arbitrary a+a  and aL in (4.3), we can also get arbitrary Tu
and Tv. This is consistent with the fact  and  are arbitrary and will not aect the entan-
glement entropy. On the other hand,  shows up explicitly in the entanglement entropy,
and (5.11) is the matching condition between the bulk and the boundary. As a consistent
check, we can rewrite the torus (5.8) in terms of the x; t variables by using (4.33), (5.4)
and (5.6), it is straight forward to see that indeed (5.8) agrees with (3.10) and (3.4). Thus
we proved that the bulk coordinate transformations (4.28) is indeed a bulk extension of the
warped conformal mapping (3.2) with the choice (5.10) and (5.11) on the eld theory side.
5.3 WAdS(u^;v^;r^), WCFT(u^;v^) and WCFT(x^;t^)





formula of entanglement entropy (3.16). Meanwhile we will further check the consistency
of all transformations.





u^ ; v =
v
2









Tv = Tv^ ; 
2
v










du^2 + 2r^ du^dv^ + T 2v^ dv^
2 +

1 + ^2T 2v^

4(r^2   T 2u^T 2v^ )
dr^2 ; (5.14)
with a spatial circle
spatial: (u^; v^)  (u^+ 2; v^ + 2) : (5.15)
With the Dirichlet-Newmann type of boundary conditions, the holographic dual is
WCFT(u^;v^) we discussed in section (2.2.1). Following section (2.2.2), a state-dependent
transformation






+ x^ ; (5.16)
maps WCFT(u^;v^) to WCFT(x^;t^).
Now we double check that the connection between the bulk and boundary transforma-
tions. From (5.16), we get WCFT(x^;t^) on the canonical torus
spatial: (x^; t^)  (x^+ 2; t^) ;
thermal: (x^; t^) 




































where (4.33) and (5.6) are used. Comparing (5.17) with (3.13), we again get a matching
with the condition (5.11).











































which is just the warped conformal mapping (3.17) with  =
q
 `
Gk. Thus we again proved
that the bulk coordinate transformations (4.28) is indeed a bulk extension of the warped
conformal mapping (3.17) with  =
q
 `
Gk on the eld theory side.
5.4 Matching the entanglement entropy
Now we recite results from both sides, and show the matching. On the gravity side, the







































Using the vacuum values of the charges (2.25), which we rewrite here






; Lvac0 = 0 : (5.22)
and the matching conditions (5.4), (5.6), (5.11), it is straightforward to verify that indeed
the bulk result agrees with the boundary result (3.16)
SHEE = SEE: (5.23)
To recapitulate, our main steps are depicted in gure 3, where the top line shows
the calculation on the gravity side and the bottom line shows the calculation on the eld
theory side. The vertical arrows show how to relate the bulk calculation to the eld
theory calculation.
It seems that the (x; t) coordinate system in the bulk is more convenient for match-
ing with the WCFT. However, as there is so far no asymptotic symmetry analysis for
WAdS(x;t), the holographic dictionary between the WAdS(x;t;r) and WCFT(x;t) is not well
established directly. Nevertheless, the bulk computations for the entanglement entropy can

















Figure 3. Diagram that make a conclusion about all the spacetimes and eld theories we have
discussed, and their relationships.
6 Renyi entropy
6.1 Renyi entropies for WCFT
The Renyi entropies is quite straight forward to calculate after we have analysed the par-









Using (3.14) and the transformation rules of the partition function




































6.2 Partition function and Renyi entropy calculated on the gravity side
Following the spirit of [70], in this subsection we calculate the Renyi entropy holographically
on the gravity side. As we have mentioned previously, the warping parameter does not aect
the thermal properties of these WAdS spacetimes. For simplicity we set  = 0, k =   `G and
consider Einstein gravity with a negative cosmological constant in 3 dimensions. Under




r + T 2v^
Tv^
























The variation of conserved charges Q associate with the Killing vector 
 between two




















where h = g ; h
 = ggh, h = g
h , and r is the covariant derivative
compatible with g . Now, it is strightforward to calculate the variation of E and P ,




Tv^ ; P =
`
4G
(T 2v^   T 2u^ ) : (6.7)
The generator of the horizon is taken to be,
H = @t^ + 
H@x^ ; (6.8)
which indicates the angular potential 
H is given by

H =   1
Tv^ + Tu^
: (6.9)







(Tv^ + Tu^) : (6.10)
With all these physical quantities calculated, we nd that the rst law of thermodynamics
THS = E+ 
HP is satised. The partition function of the gravity theory with angular











H) is the grand potential which is given by
	 = E   THS + 
HP = `
4G
(Tv^   Tu^) : (6.12)
Thus the gravity partition function is given by








The Renyi entropy is dened by
Sn =
1









































(Tv^ + Tu^) (6.16)
= SHEE (6.17)
where in the last line we have used the transformation between (u^; v^) and (U; V ) to rewrite
Sbkn as the proposed holographic entanglement entropy (4.35).
6.3 Matching
Using the vacuum values of the charges (2.25), we nd that the Renyi entropy is indepen-
dent of n, and is just the same as entanglement entropy
Sbnn = SEE : (6.18)
As was discussed in the previous section, the bulk and boundary calculations of entangle-
ment entropy agree. Therefore, the bulk and boundary calculations for the Renyi entropy
also agree,
Sbhn = SHEE = SEE = S
bn
n : (6.19)






















which is identical to the gravity partition function (6.13).
Therefore for the holographic WCFTs we considered, namely WCFTs dual to Einstein
gravity (with matter) on (W)AdS3 spacetimes with Dirichlet-Neumann boundary condi-
tions, we nd that the Renyi entropy equals to entanglement entropy. This is due to the
fact that for such theories Lvac0 = 0. For a general WCFT, L
vac
0 is not necessarily zero, and
the Renyi entropy (6.3) will in general depend on n.
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A The general quotient
Here we give the general quotient of WAdS(U;V;) (4.1) with arbitrary parameters




















4a 2 + (2U + 1) (a+(2U + 1)  2a0)



















(4 (aL + U (a+U   a0) + a )  a+)
4
: (A.1)





















a20   4a a+ + 2aL

: (A.2)
We see that the two horizon radius of WAdS(u;v;r) are controlled by the way we do quotient.
The metric can be transformed into the form of (2.32) with its two temperatures determined
by r+ and r . Under the choice of (4.8), (A.2) is already in the form of (2.32).






























indicate that the boundary of WAdS(u;v;r) covers a strip parallel to the U axis on the
boundary of WAdS(U;V;), with a0=(2a+) controlling the center position of the strip, while
lU =  
p
a20   4a a+=a+ controlling the width of the strip.
Consider the regulated interval (4.15) in the main text, its image in terms of the (u; v)







r+   r  ;























As in the main text, we identify the end points and get a spatial circle (u; v)  (u + u,


























It is then obvious that, among all the four quantities controlled by the way we do quotient,
the Bekenstein-Hawking entropy for WAdS(u;v;r) only depend on the width of the strip.
This justies our choice in the main text.
B Rindler method in AdS3 revisited
In this appendix, we revisit Rindler method in AdS3 with our new strategy by doing quo-
tient. In appendix B.1, we consider AdS3 with Brown-Henneaux boundary conditions and
give a derivation for the HRT formula [47] in this context (AdS3/CFT2).
5 This generalize
the derivation of [43] to the covariant version. Then in appendix B.2 we consider AdS3
with CSS boundary conditions, and nd the holographic entanglement entropy agrees with
the entanglement entropy of a WCFT.
According to the RT (or HRT) [41, 42, 47] formula, the holographic entanglement
entropy is proportional to a co-dimension two extremal surface, which is determined by
the bulk metric. This indicates that the holographic entanglement entropy should be
independent of the asymptotic boundary conditions. Here we consider the same metric
with dierent boundary conditions and show explicitly how the choice of boundary condi-
tions will change the holographic entanglement entropy for Poincare AdS3. This suggests
that at least caution should be taken in applying RT (or HRT) proposal for holography
beyond AdS/CFT.
Generalization to general temperatures can be done by considering the further mapping
from BTZ black holes to Poincare AdS3 [73], and then follow the steps of section 4.3 in the
main text, or section 5.5 of [47].
B.1 Brown-Henneaux boundary conditions

























Under the Brown-Henneaux boundary conditions, Poincare AdS3 is conjectured to be dual
to the vacuum state of a CFT2. The following six Killing vectors
J  = @U ; J0 = U@U   @; J+ = U2@U   1
2
@V   2U@;
~J  = @V ; ~J0 = V @V   @; ~J+ = V 2@V   1
2
@U   2V @: (B.2)
are also asymptotic Killing vectors. The normalization are chosen to satisfy the standard
SL(2;R) SL(2;R) algebra
[J ; J+] = 2J0; [J0; J] = J;
[ ~J ; ~J+] = 2 ~J0; [ ~J0; ~J] =  ~J : (B.3)
Now we do a coordinate transformation to obtain a new coordinate system with two
explicit U(1) symmetries. Dene
J = a0J0 + a+J+ + a J  ;
~J = ~a0 ~J0 + ~a+ ~J+ + ~a  ~J  ; (B.4)
where a0; a+; a ; ~a0; ~a+; ~a  are arbitrary constants. Then we dene new coordinates (u; v; r)
such that there are two explicit Killing vectors
@u = J; @v = ~J : (B.5)
As a result the new metric in (u; v; r) should only depend on r. Following the strategy of
section 4.2.1, we can do the quotient on Poincare AdS3. We nd that the quotient gives
a BTZ black string with its boundary covers the causal development of an interval. And
the six parameters a0; a+; a ; ~a0; ~a+; ~a  together control six quantities. Among which four
quantities characterize the position and extension of an interval (or its causal development),
and the rest two describe the two temperatures of BTZ(u;v;r). The regularized thermal
entropy of BTZ(u;v;r) in fact only depends on the extension of the interval.
We choose the six parameters






~a0 = 0; ~a+ =  4lV  2; ~a  = 1: (B.6)
As we will see later, this choice is convenient for comparison with the CSS boundary
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under which we get the metric of BTZ(u;v;r)
ds2 = `2






4(r2   4=l2V )

: (B.8)
























which indicates the boundary of BTZ(u;v;r) (B.8) covers the causal development of an
interval 












We can introduce two innitesimal parameters 1 and 2 and regulate the interval as












;  2 [0; 1]

: (B.11)
The horizon of BTZ(u;v;r) can be depicted by




























Since u and v are innite, as in the main text we identify the end points and
get a spatial circle (u; v)  (u + u; v + v), thus the Bekenstein-Hawking entropy of








Furthermore, to recover the entangling surface in the original vacuum AdS3 spacetime,































































tanh ~ ; V =
lV
2




where ~ is dened by









One can check that (B.15) is just the geodesic ending on (  lU2 ;  lV2 ) and ( lU2 ; lV2 ) on the
AdS3 boundary.
Note that when  = 0; 1, the geodesic goes to the two end points on the boundary







+O  2 : (B.17)








which agrees with the HRT formula.
B.2 CSS (Dirichlet-Neumann) boundary conditions
For comparison, in this subsection we impose the CSS boundary conditions on AdS3, hence
the dual eld theory is conjectured to be a WCFT [36] (see section 2.2.1). To compare
with the previous subsection, we also consider Poincare AdS3. All the calculations are the
same as in section 4.3 with TV = TU =  = 0. Below we will list the main dierences
between AdS/CFT and AdS/WCFT.
The rst dierence is the choice of Killing vectors. Under the CSS boundary conditions,
~J+ and ~J0, though still isometry generators, are no longer asymptotic Killing vectors. Hence
we need to set ~a0 = ~a+ = 0 to do the quotient. We have four parameters to do quotient
under CSS, while six under Brown-Henneaux. As in section 4.2, we choose





; ~a  = 1: (B.19)
Then the quotient is just the case in section 4.3 with  = 0; TU = TV = 0, and we get
a BTZ(u;v;r).
The second dierence is that lV in this case is a free parameter rather than controlled
by the way we do quotient. Under CSS, we can chose lU and lV to be the same as in








The disagreement between (B.18) and (B.20), which give the holographic entanglement
entropy for the same interval while under dierent boundary conditions, is of course a result

















C The quotient: from WAdS(T;X;) to WAdS(t;x;r)
As stated in section (5.1), a state-dependent coordinate transformation (5.1) is needed
once we require that the bulk asymptotic analysis of WAdS yields a canonical WCFT
algebra (2.2). Let WAdS(T;X;) denotes the WAdS in the fT;X; g coordinate system. In
this subsection, we redo the SL(2;R)U(1) quotient on that of WAdS(T;X;) as a consistent
check, and the resulting quotient space is the an analog of hyperbolic black hole WAdS(t;x;r)
where the subscript denotes the coordinate system.
We are considering a bulk WAdS with TU = 0; TV = 1. After the coordinate transfor-
mation (5.1), the spacetime metric becomes,
ds2 = `2
















The Killing vectors are still those of J; J0, and JL in eqs. (4.2) by dong a coordinate trans-
formation (5.1). These Killing vectors form a SL(2;R)  U(1) algebra as spacetime (C.1)
symmetry required. By doing quotient, we are trying to nd a new coordinate system
ft; x; rg such that @t and @x are explicit commuting Killing vectors. Without lose of gen-
erality, these two Killing coordinates can be dened as,
@t = JL; @x = J ; (C.2)
where J = aLJL+a+J+ +a0J0 +a J  and aL, a+, a0, and a  are four arbitrary constants.
The new radial coordinate can be chosen as,
r  J  JL
`2
: (C.3)
According to the same procedure as in section (4.2.1), the boundary coordinates (t; x) cover
a strip of (T;X) with width lX =  
p
a20   4a+a =a+. So the four parameters aL, a+, a0,
and a  determine the interval on the boundary with redundancy. For simplicity, these four
parameters can be chosen as






without changing the result. In such parametrization, the coordinate transformations take
the form,












(1 + 2X)2   l2X2



















































This is just the black string metric with Tu = 1 and Tv = 1. The coordinate transformations
on the boundary are
























Let us consider an interval on the boundary !1,
A :













;  2 [0; 1]

; (C.11)
where  is a small cuto. The above interval covers the (t; x) coordinates with range,
























The outer horizon area of the black string (C.8) divided by 4G measures the thermal



















This thermal entropy matches that of the bulk calculation of the entanglement
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